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Abstract
The distinguishing number D(G) of a graph G is the least integer d such that G
has a vertex labeling with d labels that is preserved only by a trivial automorphism.
We say that a graph G is d-distinguishing critical, if D(G) = d and D(H) 6= D(G),
for every proper induced subgraph H of G. This generalizes the usual definition
of a d-chromatic critical graph. While the investigation of d-critical graphs is a
well established part of coloring theory, not much is known about d-distinguishing
critical graphs. In this paper we determine all d-distinguishing critical graphs for
d = 1, 2, 3 and observe that all of these kind of graphs are k-regular graph for some
k ≤ d. Also, we show that the disconnected d-distinguishing critical graph with c
connected components such that c ≥ d2 , is a regular graph.
Keywords: distinguishing, critical, graph.
AMS Subj. Class.: 05C15, 05E18
1 Introduction
Let G = (V,E) be a simple graph. We use the standard graph notation. In particular,
Aut(G) denotes the automorphism group of G. For simple connected graph G, and
v ∈ V , the neighborhood of a vertex v is the set NG(v) = {u ∈ V (G) : uv ∈ E(G)}.
The degree of a vertex v in a graph G, denoted by degG(v), is the number of edges of
G incident with v. In particular, degG(v) is the number of neighbours of v in G. We
denote by δ(G) and ∆(G) the minimum and maximum degrees of the vertices of G. A
graph G is k-regular if degG(v) = k for all v ∈ V . For u, v ∈ V the distance of u and v,
denoted by dG(u, v) or d(u, v), is the length of a shortest path between u and v. The
eccentricity of a vertex v, ecc(v), is max{d(u, v) : u ∈ V }. The maximum and minimum
eccentricity of vertices of G are called diameter and radius of G and are denoted by
diam(G) and rad(G), respectively. Center of G is the subgraph induced by vertices
with eccentricity rad(G). A graph is called self-centered if it is equal to its center,
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or equivalently, its diameter equals its radius. A graph G is called k-self-centered if
diam(G) = rad(G) = k. The terminology k-equi-eccentric graph is also used by some
authors. For studies on these graphs see [4]. A clique of a graph is a set of mutually
adjacent vertices, and that the maximum size of a clique of G, the clique number of G,
is denoted ω(G). The complementary notion of a clique is an independent set, a set of
vertices no two of which are adjacent. An independent set in a graph is maximum if
the graph contains no larger stable set. The cardinality of a maximum independent set
in G is called the independence number of G, denoted by α(G). Clearly, a subset S of
V is an independent set in G if and only if S is a clique in G, the complement of G. In
particular, ω(G) = α(G).
A labeling of G, φ : V → {1, 2, . . . , r}, is said to be r-distinguishing, if no non-trivial
automorphism of G preserves all of the vertex labels. The point of the labels on the
vertices is to destroy the symmetries of the graph, that is, to make the automorphism
group of the labeled graph trivial. Formally, φ is r-distinguishing if for every non-trivial
σ ∈ Aut(G), there exists x in V = V (G) such that φ(x) 6= φ(σ(x)). We will often refer
to a labeling as a coloring, but there is no assumption that adjacent vertices get different
colors. Of course the goal is to minimize the number of colors used. Consequently the
distinguishing number of G is defined by
D(G) = min{r| G has a labeling that is r-distinguishing}.
This number has introduced in [1]. If a graph has no nontrivial automorphisms,
its distinguishing number is 1. In other words, D(G) = 1 for the asymmetric graphs.
The other extreme, D(G) = |V (G)|, occurs if and only if G = Kn. The distinguishing
number of some examples of graphs was obtained in [1]. For instance, D(Pn) = 2 for
every n ≥ 3, and D(Cn) = 3 for n = 3, 4, 5, D(Cn) = 2 for n ≥ 6. Also, D(Kn,m) = n
where n > m ≥ 1, and D(Kn,n) = n + 1 for any n ≥ 3. Albertson and Collins in [1]
showed that D(G) = D(G), where G is the complement graph of G.
A graph G is (colour) critical if χ(H) < χ(G) for every proper subgraph H of
G, and G is said to be k-critical if G is critical and χ(G) = k. The investigation of
k-critical graphs is a well established part of coloring theory. Actually, criticality is
a general concept in graph theory and can be defined with respect to various graph
parameters or graph properties. The importance of the notion of criticality lies in the
fact that problems for graphs may often be reduced to problems for critical graphs,
and the structure of the latter is more restricted. Critical graphs with respect to the
chromatic number were first defined and used by Dirac [7] in 1951 ([11]). Stiebitz, Tuza
and Voigt introduced and discussed the list critical graphs in [11].
In this paper we introduce critical graphs with respect to the distinguishing number
and we discuss some basic properties of d-distinguishing critical graphs. More precisely,
we characterize connected d-distinguishing critical graphs for d = 1, 2 in Section 2. We
state some necessary condition for 3-distinguishing critical graphs in this section, too.
In Section 3, we study disconnected d-distinguishing critical graphs and show that
there are exactly five 3-distinguishing critical graphs. Also we obtain disconnected d-
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distinguishing graphs for d = 5, 6. Finally we propose two conjectures and a problem
in the last section.
2 Characterization of d-distinguishing critical graphs
Criticality is a general concept in graph theory and can be defined with respect to
various graph parameters or graph properties. Motivated by chromatic critical graphs
and list critical graphs we state the following definition.
Definition 2.1 A graph G is d-distinguishing critical, if D(G) = d and D(H) 6= D(G),
for every proper induced subgraph H of G.
Let us first discuss some elementary facts about distinguishing critical graphs by
the following example.
Example 2.2
• The complete graph Kn (and also its complement) is an n-distinguishing critical
graph for every n ≥ 3.
• The complete bipartite graph Kn,n (and also its complement) is a (n+1)-distinguishing
critical graph for every n ≥ 3.
• The cycles graphs C3, C4 and C5 are 3-distinguishing critical graphs.
Since the distinguishing number of each graph and its complement is equal, so we
have the following proposition:
Proposition 2.3 A graph G is d-distinguishing critical, if and only if G is a d-
distinguishing critical graph.
First, we determine d-distinguishing critical graphs for all d ≤ 2. An undirected
graphG on at least two vertices is minimal asymmetric ifG is asymmetric and no proper
induced subgraph of G on at least two vertices is asymmetric. Pascal Schweitzer and
Patrick Schweitzer in [10] showed that there are exactly 18 finite minimal asymmetric
undirected graphs up to isomorphism. These 18 graphs depicted in Figure 1.
Theorem 2.4
(i) There is no 1-distinguishing critical graph of order n ≥ 2.
(ii) The only 2-distinguishing critical graphs are K2 and K2.
Proof.
(i) Since K1 is a proper induced subgraph of G with the distinguishing number 1, so
the result follows.
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Figure 1: The 18 minimal asymmetric graphs. For each graph the triple (n,m, co − G),
describes the number of vertices, edges and the name of the complement graph, respectively.
The graphs are ordered first by number of vertices and second by number of edges.
(ii) Let G be a 2-distinguishing critical graph of order n ≥ 3. Then there exist at
least two distinct vertices of G, say v and w. If H is the proper induced subgraph
of G generated by v and w, then D(H) = 2, and hence G is not a 2-distinguishing
critical graph, which is a contradiction. 
In sequel, we want to characterize the d-distinguishing critical graphs with d ≥ 3.
We need the following theorem.
Theorem 2.5 [6, 8] If G is a connected graph with maximum degree ∆, then D(G) ≤
∆ + 1. Furthermore, equality holds if and only if G is a Kn, Kn,n or C5.
Theorem 2.6 Let G be a d-distinguishing critical graph with d ≥ 3 and order n. Then
the following properties are satisfied:
(i) If G is connected and ∆(G) = d− 1, then G is Kd,Kd−1,d−1 or C5.
(ii) If G is connected and G 6= Kd,Kd−1,d−1, C5, then ∆(G) ≥ d.
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(iii) If G and G are connected and G 6= C5, then δ(G) ≤ n− d− 1.
(iv) The graph G is a K1,d-free graph, i.e., G does not have the star graph K1,d as its
induced subgraph.
(v) If G 6= Kd, then the clique number of G is ω(G) ≤ d− 1.
(vi) If G 6= Kd, then the independence number of G is α(G) ≤ d− 1.
Proof. The cases (i) and (ii) follow directly from Theorem 2.5. It can be concluded
from case (ii) that n − 1 − δ(G) = ∆(G) ≥ d, and this prove the case (iii). To prove
the case (iv), it is sufficient to know that D(K1,d) = d. For (v), if ω(G) ≥ d, then G
has a proper induced subgraph Kd with D(Kd) = d, which is a contradiction. Finally,
if α(G) ≥ d, then the complement graph Kd is a proper induced subgraph of G with
the distinguishing number d, which is a contradiction. 
Theorem 2.7
(i) Let G be a connected d-distinguishing critical graph for some d ≥ 2. If G is a
triangle free graph, then G = K2,Kd−1,d−1, or C5.
(ii) Let G and G be two connected graphs. If G is a claw free graph such that G 6= C5,
then G is not a d-distinguishing critical graph for any d ≥ 2.
Proof.
(i) Let G be a connected d-distinguishing critical graph for some d ≥ 2, such that
G 6= K2,Kd−1,d−1, C5. We show that G has a triangle. Let v be a vertex of G
with maximum degree ∆, and NG(v) = {v1, . . . , v∆}. By Theorem 2.6, we have
∆ ≥ d and α(G) ≤ d − 1, so there exist at least two adjacent vertices in NG(v),
say v1 and v2. Hence, the graph generated by vertices v, v1, v2 makes a triangle
graph as the induced subgraph of G.
(ii) By contradiction suppose that G is a d-distinguishing critical graph for some
d ≥ 2. So G is a d-distinguishing critical graph, by Proposition 2.3. Since G is
claw free, so G is a triangle free graph. Now by Part (i), and connectivity of G
and G we conclude that G = C5, which is a contradiction. 
3 Disconnected distinguishing critical graphs
A vertex v in a graph G of order n, is called an a1-vertex if degG(v) = n − 1 or there
is a vertex u ∈ NG(v) such that NG(u) ∪NG(v) = V (G); otherwise, u is an a2-vertex,
see [9]. Malaravan in [9], showed that if diam(G) ≥ 4, then every vertex of G is an
a2-vertex.
Theorem 3.1 [9] Let G be a graph with no isolates. Then, each vertex of G is an
a2-vertex in G if and only if G is a 2-self-centered graph.
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Theorem 3.2 If G is a disconnected d-distinguishing critical graph with no isolated
vertex, then G is a connected 2-self-centered graph.
Proof. Since G is a disconnected graph, so diam(G) ≥ 4, and hence every vertex of G
is an a2-vertex. Now, we have the result by Theorem 3.1. 
Let (G,φ) denote the labeled version of G under the labeling φ. Given two dis-
tinguishing k-labelings φ and φ′ of G, we say that φ and φ′ are equivalent if there is
some automorphism of G that maps (G,φ) to (G,φ′). We need D(G, k), the number of
inequivalent k-distinguishing labelings of G, which was first considered by Arvind and
Devanur [3] and Cheng [5] to determine d-distinguishing critical graph with d ≥ 3.
Lemma 3.3 [3] Let H be a connected graph. If G consists of c(G) copies of H, i.e.,
G = c(G)H, then D(G) = min{k : D(H, k) ≥ c(G)}.
Lemma 3.4 Let G be a disconnected d-distinguishing critical graph (d ≥ 3) with c(G)
connected components.
(i) The connected components of G are pairwise isomorphic.
(ii) If the connected components of G are isomorphic to graph H, then
1) D(nH) < d for every 1 ≤ n < c(G), and
2) c(G) = D(H, d− 1) + 1, and D(H, d) ≥ c(G), and
3) c(G) > D(H,D(H)).
Proof. (i) Let Gi1, . . . , Gisi be the connected components of G such that Gi1
∼= · · · ∼=
Gisi for every 1 ≤ i ≤ k, and also Gi1  Gj1 for i 6= j. Set Hi = Gi1 ∪ · · · ∪ Gisi .
It is clear that D(G) = max{D(Hi)}ki=1. Without loss of generality we can assume
that D(H1) = max{D(Hi)}ki=1. If k ≥ 2, then the distinguishing number of the proper
induced subgraph H1 of G is D(G), which is a contradiction. Therefore k = 1, i.e., all
connected components of G are isomorphic to each other.
(ii-1) By Lemma 3.3, we have D(nH) ≤ d for every 1 ≤ n < c(G). If there exist
n such that D(nH) = d, then thr graph K := nH is a proper induced subgraph of G
with D(K) = D(G), which is a contradiction.
(ii-2) By part (1), and Lemma 3.3, we have D((c(G)− 1)H) ≤ d− 1 and D(H, d−
1) < c(G). Thus D(H, d − 1) ≥ c(G) − 1 and D(H, d − 1) < c(G). Therefore, c(G) =
D(H, d− 1) + 1.
(ii-3) By contradiction suppose that c(G) ≤ D(H,D(H)). So d = D(G) = D(H),
by Lemma 3.3. Since c(G) ≥ 2, so H is a proper induced subgraph of G with D(H) =
D(G), which is a contradiction. 
Before we prove the next result we need some additional information about the
distinguishing number of complete multipartite graphs. Let Ka1j1 ,a2j2 ,...,arjr denote the
complete multipartite graph that has ji partite sets of size ai for i = 1, 2, . . . , r and
a1 > a2 > . . . > ar.
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Theorem 3.5 [6] Let Ka1j1 ,a2j2 ,...,arjr denote the complete multipartite graph that has
ji partite sets of size ai for i = 1, 2, . . . , r, and a1 > a2 > . . . > ar. Then
D(Ka1j1 ,a2j2 ,...,arjr ) = min
{
p :
(
p
ai
)
≥ ji for all i
}
.
Since the distinguishing number of a graph and its complement is equal, so if G
consists of c(G) copies of complete graph Ks, then D(c(G)Ks) = min{p :
(
p
s
) ≥ c(G)}.
Theorem 3.6 Let G be a disconnected d-distinguishing critical graph (d ≥ 3) with
c(G) isomorphic connected components H, and the independence number α(G).
(i) If c(G) ≥ d2 , then G = c(G)Ks, where c(G) =
(
d−1
s
)
+ 1 and
(
d
s
) ≥ c(G).
(ii) If α(G) = c(G), or α(G) is a prime number, then G = c(G)Ks, where c(G) =(
d−1
s
)
+ 1 and
(
d
s
) ≥ c(G).
Proof.
(i) We consider the two following cases:
Case 1) If c(G) = d, then by choosing one vertex from each component of G we
can make the induced subgraph Kd of G. Since G is a d-distinguishing critical
graph, so G = Kd.
Case 2) If c(G) ≤ d − 1, then G 6= Kd, and so α(G) ≤ d − 1, by part (vi) of
Theorem 2.5. Since α(G) = c(G).α(H) and d ≤ 2c(G), so we obtain α(H) = 1,
and hence H is a complete graph, say Ks. Thus G = c(G)Ks. Now by D(G) = d
and D(c(G)Ks) = min{p :
(
p
s
) ≥ c(G)} (by Theorem 3.5), we have
d = min
{
p :
(
p
s
)
≥ c(G)
}
. (1)
On the other hand the distinguishing number of the proper induced subgraph
H = (c(G) − 1)Ks is D(H) ≤ d − 1, by Lemma 3.4 (i). In fact D(H) = d − 1,
since otherwise D(H) ≤ d − 2, and so D(H ∪ Ks) = D(G) ≤ d − 1, which is a
contradiction. Thus
d− 1 = min
{
p :
(
p
s
)
≥ c(G)− 1
}
. (2)
Now using Equations (1) and (2), we conclude that
(
d−1
s
)
= c(G) − 1 and (ds) ≥
c(G).
(ii) If α(G) = c(G), or α(G) is a prime number, then we obtain α(H) = 1, from
α(G) = c(G)α(H). Hence H is a complete graph, say Ks. The remaining proof
is the same as the proof of case (2) of Part (i). 
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To determine exactly 3-distinguishing critical graphs we need the following lemma.
Lemma 3.7 If G is a 3-distinguishing critical graph, then ∆(G) ≤ 2.
Proof. By contradiction, suppose that G has a vertex v of degree at least three. Let
w, y, z be three distinct adjacent vertices to v. If at least the two vertices of w, y, z are
adjacent, say w, y, then the proper induced subgraph H of G generated by v, w, y is a
triangle with the distinguishing number 3, which is a contradiction. If non of vertices
w, y, z are adjacent, then the proper induced subgraph H of G generated by v, w, y, z
is the star graph K1,3 with the distinguishing number 3, which is a contradiction. 
Theorem 3.8 There are exactly five 3-distinguishing critical graphs, C3, C4, C5, C3, C4.
Proof. By Theorem 2.5 and Lemma 3.7 it is easy to see that the graphs C3, C4, C5 are
all connected 3-distinguishing critical graph. Also the complements of graphs C3, C4, C5
are the only disconnected 3-distinguishing critical graphs, by Theorem 3.6 (i). 
Theorem 3.9 If G is a disconnected d-distinguishing critical graph (d ≥ 5) with c(G)
isomorphic connected components H, such that c(G) < d2 , then d = D(H)+1, D(H) ≥ 4
and D(H,D(H)) < D(H)−12 .
Proof. By part (ii-1) of Lemma 3.4, we can suppose that d = D(H) + i for some i ≥ 1.
By Lemma 3.3, we have c = D(H,D(H)+i−1)+1. Since there exist (D(H)+i−1
D(H)
)
distinct
sets with D(H) labels, so
(D(H)+i−1
D(H)
) ≤ D(H,D(H) + i − 1). Now since c(G) < d2 , so
we can conclude that (
D(H) + i− 1
D(H)
)
<
D(H) + i− 2
2
. (3)
It can be seen that if i ≥ 2, then by Equation (3) we have D(H) ≤ 0, which is a
contradiction. Thus i = 1, and so we obtain D(H) ≥ 4 from Equation (3). Also
c(G) = D(H,D(H)) + 1. The last inequality follows directly from c(G) < d2 . 
Corollary 3.10 If G is a disconnected d-distinguishing critical graph (d ≥ 5) with
c(G) isomorphic connected components Ks (the complete graph of order s), such that
c(G) < d2 , then s = d− 1, and G = 2Kd−1.
Proof. It is sufficient to know that D(Ks, D(Ks)) = D(Ks, s) = 1. Now the result
follows from Theorem 3.9. 
Lemma 3.11 Let G be a disconnected d-distinguishing critical graph (d ≥ 5) with
c(G) isomorphic connected components H such that H is not a complete graph, and
also c(G) < d2 . Let φ be an arbitrary distinguishing labeling of H with D(H) labels and
Xi = {x ∈ V (H) : φ(x) = i} where i = 1, 2, . . . , D(H). If the degrees sequence of
vertices in Xi is denoted by the sequence Si, then for every i, j ∈ {1, 2, . . . , D(H)} we
have Si = Sj.
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Proof. Let ni be the number of vertices of degree p in Xi. By contradiction assume
that there exists a degree p for which Bp 6= ∅ where Ap = {Xk : nk = n1} and
Bp = {Xk : nk 6= n1}. We consider the two following cases:
Case 1) If |Ap| < D(H)−12 , then |Bp| ≥ D(H)−12 . For every Xk ∈ Bp, we define the
distinguishing labeling ϕk of H as follows:
ϕk(x) =

φ(x) x /∈ X1, Xk,
1 x ∈ Xk,
k x ∈ X1.
Since the number of vertices of degree p in Xk is not equal with the number of vertices
of degree p in X1, we conclude that the distinguishing labelings ϕk, Xk, are noniso-
morphic distinguishing labeling to each other and also to φ. Since |B| ≥ D(H)−12 , so
D(H,D(H)) ≥ D(H)−12 , which is a contradiction by Theorem 3.9.
Case 2) If |Ap| ≥ D(H)−12 . By a similar reasoning as Case 1, we obtain a contradic-
tion. 
Theorem 3.12 Let G be a disconnected d-distinguishing critical graph (d ≥ 5) with
c(G) isomorphic connected components H such that H is not a complete graph, and
also c(G) < d2 . If {p1, . . . , ps} is the set of degrees of vertices of G, then the number of
vertices of degree pi in G is at least 2c(G)(d− 1), for any 1 ≤ i ≤ s.
Proof. Let φ be a distinguishing labeling of H with D(H) labels and Xi = {x ∈
V (H) : φ(x) = i} where i = 1, 2, . . . , D(H). It is clear that {p1, . . . , ps} is the set of
degrees of vertices of H, too. By Lemma 3.11, we know that the number of verices
of degree pi in each of sets X1, . . . , XD(H) are equal, for any 1 ≤ i ≤ s. Let ti is the
number of vertices of degree pi in each of sets X1, . . . , XD(H). First, we prove that
ti ≥ 2 for any 1 ≤ i ≤ s. By contradiction, we assume that there exists p ∈ {p1, . . . , ps}
such that the number of vertices of degree p in each of sets X1, . . . , XD(H) is 1. So we
have exactly D(H) vertices of degree p in graph H, say v1, . . . , vD(H) such that vi ∈ Xi
where 1 ≤ i ≤ D(H). We claim that the restriction of the automorphism group of H
to the set {v1, . . . , vD(H)} is isomorphic to the permutation group SD(H).
To prove our claim note that for every a, b ∈ {1, . . . , D(H)}, we have a labeling φa,b
of V (H) with Xa,bi = {x ∈ V (H) : φa,b(x) = i} such that Xa,ba = Xa−{va}, Xa,bb = Xb∪
{va}, and Xa,bi = Xi for every i ∈ {1, . . . , D(H)} \ {a, b}. Since the number of vertices
of degree p in Xa,ba and X
a,b
b are distinct, so the labeling φa,b is not distinguishing,
by Lemma 3.11. Hence, there exists a nonidentity automorphism fa,b of H such that
fa,b preserves the labeling φa,b. Thus fa,b(va) = vb and fa,b(vb) = va, since otherwise
fa,b(vb) = vb and fa,b(va) = va, and so fa,b preserves the distinguishing labeling φ, and
hence fa,b should be the identity automorphism, which is a contradiction. Therefore
fa,b(va) = vb, fa,b(vb) = va, and fa,b(vi) = vi for every i ∈ {1, . . . , D(H)} \ {a, b}. Thus
for any a, b ∈ {1, . . . , D(H)}, there exists an automorphism fa,b of H such that the
restriction of fa,b to v1, . . . , vD(H) is isomorphic to the transposition (a, b) in SD(H).
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Hence, we can conclude that the restriction of automorphism group of H to the set
{v1, . . . , vD(H)} is isomorphic to the permutation group SD(H), and this proves the
claim.
Now since H is a connected graph, so by claim the set of vertices {v1, . . . , vD(H)}
generates the induced subgraph KD(H) of H. Since c(G) ≥ 2, so we can make the
induced subgraph K = KD(H) ∪ KD(H) of G (here ∪ is the disjoint union symbol)
with D(K) = D(H) + 1. On the other hand, d = D(H) + 1 by Theorem 3.9, and so
D(K) = d. Since H is not a complete graph, so K is a proper induced subgraph of
G with D(K) = D(G), which is contradiction to that G is a d-distinguishing critical
graph. Therefore ti ≥ 2, for any 1 ≤ i ≤ s.
To complete the proof, it is sufficient to know that the number of vertices of degree
pi in G is c(G)D(H)ti for any 1 ≤ i ≤ s, and also D(H) = d− 1. 
Theorem 3.13 If G is a disconnected d-distinguishing critical graph (d ≥ 5) with c(G)
isomorphic connected components H, such that c(G) < d2 , then D(H) | |V (H)|.
Proof. Let φ be an arbitrary distinguishing labeling of H with D(H) labels and Xi =
{x ∈ V (H) : φ(x) = i} where i = 1, 2, . . . , D(H). By Lemma 3.11, we haveD(H)|Xi| =
|V (H)|, for every i = 1, 2, . . . , D(H), and so D(H) | |V (H)|. 
Theorem 3.14 Let G be a disconnected d-distinguishing critical graph (d ≥ 5) with
c(G) isomorphic connected components H such that c(G) < d2 . If G 6= Kd−1,d−1,Kd,
then c(G) ≤ d−13 , and so D(H,D(H)) ≤ D(H)−33 . Also, d ≥ 7 and D(H) ≥ 6.
Proof. Since G is a connected d-distinguishing critical graph (d ≥ 5), so G has a
triangle as a induced subgraph, by Theorem 2.7. Thus G has a claw graph as a induced
subgraph. Since G is disjoint union of connected graphs H, so each of connected
components H has a claw. Hence, α(H) ≥ 3, and using α(G) = α(H)c(G) and α(G) ≤
d− 1 by Theorem 2.6, we get 3c(G) ≤ d− 1, and so D(H,D(H)) ≤ D(H)−33 , because of
c(G) = D(H,D(H)) + 1 and d = D(H) + 1 by Lemma 3.4. Finally, by 3c(G) ≤ d− 1,
c(G) ≥ 2 and d = D(H) + 1, we get d ≥ 7 and D(H) ≥ 6. 
Here, we can determine exactly all disconnected d-distinguishing critical graphs for
d = 5, 6.
Corollary 3.15
(i) The only disconnected 5-distinguishing critical graphs are K5 and K4,4.
(ii) The only disconnected 6-distinguishing critical graphs are K6 and K5,5.
Proof. It follows directly from Theorem 3.14. 
Now we close this section by determining the distinguishing critical trees. To do
this, we need the following theorem:
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Theorem 3.16 [6] If T is a tree of order n ≥ 3, then D(T ) ≤ ∆(T ). Furthermore,
equality is achieved if and only if T is a symmetric tree or a path of odd length.
Theorem 3.17 The only distinguishing critical tree is K2.
Proof. Let T be a d-distinguishing critical tree of order n ≥ 3. By Theorem 3.16, we
have d ≤ ∆(T ). Let v be the vertex of T with maximum degree ∆(T ). Since ∆ ≥ d
and T does not have any cycle, so we can make the star graph K1,d as a proper induced
subgraph of G. Since D(K1,d) = d and T 6= K1,d (T is a d-distinguishing critical tree),
so we have a contradiction. 
4 Conclusion
In this paper we characterized the d-distinguishing critical graphs. In particular, we
could determine exactly all d-distinguishing critical graphs for d = 1, 2, 3. It can be
seen that all such d-distinguishing critical graphs are k-regular graph for some k ≤ d.
Also, we showed that the disconnected d-distinguishing critical graph with c connected
components such that c ≥ d2 , is a regular graph. We propose the following conjecture:
Conjecture 4.1
(i) If G is a d-distinguishing critical graph, then G is a k-regular graph for some
k ≤ d.
(ii) If G is a disconnected d-distinguishing critical graph, then each components of G
is a complete graph.
We can extend the definition of d-distinguishing critical graph to a strong version.
A graph G is called strong d-distinguishing critical, if D(G) = d and D(G− v) 6= D(G)
for every vertex v of G, where G − v denotes the graph obtained from G by removal
of a vertex v and all edges incident to v. It is immediate that any d-distinguishing
critical graph is a strong d-distinguishing critical graph, but the converse is not true;
the minimal asymmetric graphs are strong 1-distinguishing critical graphs which are
not 1-distinguishing critical graphs. This leads us to ask the following.
Problem 4.2 Characterize the strong d-distinguishing critical graphs.
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